We clarify the new concept of gravitationally dressed Fermi liquids we have proposed to describe the normal state of high T c superconductors. In this note we distinguish between weakly gravitationally dressed Fermi liquids which fall in the class of the canonical Fermi liquid theory (with quasiparticle excitations), and strongly gravitationally dressed Fermi liquids (with quasiunparticle excitations) which represent the high dimensional generalization of Luttinger liquids, with specific features. Such weakly or strongly gravitationally dressed Fermi liquids lead naturally to the previously proposed effective (weak or strong) gravitationally dressed Landau-Ginsburg description of either ordinary or high T
Introduction
The problem of high temperature superconductivity is one of the most outstanding puzzles in contemporary physics [1] . Motivated by the work on induced gravitational physics in various condensed matter systems (see for example [2] , [3] for reviews) we have proposed an effective gravitational Landau-Ginsburg description of high T c superconductors [4] . Our approach concentrated on the subsection of the phase diagram containing the strange metal/superconducting phase, and thus we were motivated to ask how the usual canonical Wilsonian thinking associated with naturalness of Fermi liquids should be modified to lead to a non-Fermi liquid behavior. We proposed that for systems with complex Fermi surfaces a concept of gravitationally dressed Fermi liquids is natural from the point of view of the renormalization group.
In this note we clarify this proposal for the normal ("strange metal") state of the high T c superconductors [4] . In particular we distinguish between weakly gravitationally dressed Fermi liquids which fall in the class of the canonical Fermi liquid theory, and strongly gravitationally dressed Fermi liquids which represent the high dimensional generalization of Luttinger liquids, with specific features. The excitations of Landau Fermi liquids [5] are particle-like "quasiparticles", and the relevant two-point function has a single particle pole. The corresponding excitations of gravitationally dressed Fermi liquids are "unparticle"-like, following the terminology used in the recent theoretical high energy physics literature [6] . The relevant two-point function does not have a single-particle pole, and following the suggestion of [7] we call such excitations "quasiunparticles". The (weakly or strongly) gravitationally dressed Fermi liquids lead naturally to the previously proposed [4] effective (weakly or strongly) gravitationally dressed Landau-Ginsburg description of (ordinary or high T c ) superconductors. Note that our proposal should not be confused with the gravitational or holographic duals of non-Fermi liquids which are insightfully summarized in [7] .
Fermi liquids vs. non-Fermi liquids
As noticed in many publications, various condensed matter systems, such as superfluids or Bose-Einstein condensates, exhibit physical phenomena that can be interpreted by invoking effective gravity [2] . In these contexts, which can be viewed as analog models of gravity, one speaks for example of an effective acoustic metric, acoustic black holes (i.e. "dumb holes") or emergent relativity.
Given the intricacies of the physics of high temperature superconducting materials and the complexity of their phase diagram [1] , one might ask whether the strong electron correlations responsible for these phenomena can induce effective gravitational effects, thus opening a possibility for a geometric explanation of some of the outstanding puzzles. In particular, the normal state of high T c superconductors should reflect such emergent gravitational physics associated with the geometry and fluctuations of the Fermi surface.
Emergent gravity in systems endowed with a complex Fermi surface forces a revisiting of the Wilsonian approach to the Fermi surface, to ascertain consequences for Fermi liquid theory in the renormalization group approach, and for the emergence of non-Fermi liquid behavior [8] . From the effective field theory standpoint, the question can be formulated: how does the low energy Wilsonian action with effective gravity modify the usual scalings of the effective low energy field theory of the Fermi surface? We claim that the effective gravity of the fluctuating Fermi surface leads to a robust extension of the canonical picture: a gravitationally dressed Fermi liquid.
The Fermi liquid
To set the stage for our proposal [4] let us summarize the classic effective field theory of Landau Fermi liquids [9, 10] as succinctly presented by Polchinski [9] . One starts with a natural (i.e. not-finely tuned) Fermi surface and decomposes the momenta into the Fermi momentum and a component orthogonal to the Fermi surface
and then one considers scaling of energy and momentum towards the Fermi surface, in other words:
The lowest order action, to quadratic order, is then given as
Close to the Fermi surface
so that after the agreed renormalization orthogonal to the Fermi surface (note that also t → s −1 t) one obtains, in both 2 + 1 and 3 + 1 space-time dimensions:
This scaling leads immediately to the usual two point function for a free quasiparticle with a single particle pole
(which corresponds to a quasiparticle excitation). In this argument it is crucial that the transverse part of the momentum is inert. The effectively one-dimensional scaling is set by the momentum orthogonal to the Fermi surface. Now, by considering 4-Fermi interactions one can see that for generic momenta the 4-Fermi interaction scales as a positive power of s and is thus irrelevant at low energy. The measure over time contributes one negative power, the measure over the momenta orthogonal to the Fermi surface contributes 4 powers and the 4-Fermi interaction contributes 4/2 negative powers. The delta function over the 4 momenta generically does not scale. So the overall generic scaling for the 4-Fermi vertex is indeed
This is valid, except if the momenta are paired. In that case the scaling goes as s 0 , because now the delta function depends only on the sum of momenta orthogonal to the Fermi surface and due to
the 4-Fermi interaction indeed scales as s 0 and is marginal. This encapsulates the usual Cooper pairing phenomenon. Note that this scaling is true both in 2+1 and 3+1 dimensions, with the 2 + 1 dimensional case of interest for the layered anisotropic compounds. The case of 1 + 1 dimensions is special, because then the Fermi surface consists of two points, and hence the 4-Fermi interaction is automatically marginally relevant. This special kinematics is responsible for the non-Fermi liquid properties of the Luttinger liquid [11] .
3
The
gravitationally dressed Fermi Liquid
In what follows we discuss how the dynamics and fluctuations of the Fermi surface can substantially change the above canonical reasoning. How could effective gravity arise from the dynamics of the Fermi surface? First, we note that experiments indicate a highly irregular (complex) Fermi surface in the normal state of high T c superconductors, resulting from the microscopic physics [1] . This irregularity in turn could lead to an effective gravitational description. We claim that this effective gravity is natural for a complex Fermi surface. As a concrete model, let us view the Fermi surface as an incompressible fluid in momentum space. (A hydrodynamic approach to Fermi liquid theory is presented in [12] .) In analogy with the discussion of induced gravity in fluid dynamics ( [13] , [2] ) we can envision generating an effective metric, which in the case of real irrotational fluids is precisely the acoustic metric [13] . This effective metric is generated from the fluctuations of the fluid density ρ and the velocity potential φ (where the velocity v = ∇φ). The underlying space-time action of the moving fluid is
with U(ρ) denoting the effective potential. Note that the signs in S are consistently defined so that upon the variation of this action one obtains the equations of motion for ρ and φ (the Euler continuity equation and the Bernoulli energy balance equation) [2] . Note also that the pressure is the negative of the action density in the expression for S. When these equations of motion are perturbed around the equilibrium values ρ 0 and φ 0 one is led to the equations for the fluctuations of the velocity potential ϕ. In particular, the equation for the fluctuations of the velocity potential can be written in a geometric form [13] :
The effective space-time metric has the canonical ADM form of [13] and [2] (apart from a conformal factor) and has the Lorentzian signature
where c is the relevant effective sound velocity and v i are the components of the fluid's velocity vector.
Another way to argue for an emergent gravitational background in the physics of a generically complex Fermi surface, is to invoke the orthogonality catastrophe (for a nice review consult [12] ). Orthogonality catastrophe is caused by the vanishing overlap between the respective many-body wave functions of the deformed and the undeformed Fermi surfaces. Given the general geometric structure of quantum theory, it is well known that the overlaps of the many-body wave functions can lead to induced gauge fields [14] , via the connections in the projective Hilbert space of quantum theory [15] . However, the metric structure is also encoded in the overlaps [14, 15] and thus an emergent gravitational background could be expected on general grounds. This emergent gravitational background then generically leads to the gravitational dressing of the excitations of the Fermi surface.
Weakly vs. strongly gravitationally dressed Fermi liquids
The collective dynamics of the Fermi surface can be considered as a "bosonization" of the Fermi liquid [16] and in that approach the quasiparticle excitations can be represented as collective modes of the "bosonized" Fermi liquid. That approach runs into trouble with the essential difference between fermions and bosons in spatial dimensions one (where the bosonization can be used because of the very special kinematics) and spatial dimensions above one, where such efforts are largely prohibitive [16] . The same kinematical reasons make it difficult to extrapolate the Luttinger liquid behavior to higher dimensions [11] .
In contrast, in our proposal the non-Fermi liquid behavior originates from the gravitational dressing, itself caused by the non-trivial geometry and topology of the Fermi surface, an experimental fact. The weak or strong dressing would correspond respectively to the weak or strong coupling between the induced gravity and the collective excitations of the Fermi surface. The new quasiparticles are the usual fermions, propagating, however, in a non-trivial gravitational background and hence dressed by the gravitational fluctuations. In other words, the collective motion of the Fermi surface is of an effective gravitational kind (i.e. not spin 0 but spin 2) and the usual fermionic quasiparticles are now coupled to this collective spin 2 bosonic mode. Thus we propose that the effective theory of the strange normal state of high T C superconductors is a gravitationally dressed Fermi liquid, i.e. the usual Fermi liquid albeit coupled to gravity:
The crucial g dependent factors ( √ −g, ∇) arise from the usually inert transverse part of the momentum. This general discussion of the gravitationally dressed Fermi liquid applies both to D = 2 + 1 (relevant for the the Cu-O or Fe-As planes) and D = 3 + 1. Applying this approach to the Fermi surface in momentum space, by relying on the induced effective diffeomorphism invariance, we are led to conclude that the effective action for the fermionic quasiparticle around the Fermi surface should be a gravitationally dressed action, in which the canonical scaling dimensions discussed above can be changed by adding gravitational dressing. In general this would mean that instead of ψ → s −1/2 ψ as discussed above, we should have
where α denotes gravitational dressing. Such dressing can be explicitly computed in simple cases such as the coupling of 1 + 1-dimensional gravity to 1 + 1-dimensional matter [17, 18, 19, 20] . Note that this is relevant for the present discussion, because the scaling towards the Fermi surface, although not the kinematics, is effectively one-dimensional. Thus the fermionic two point function can be changed to scale as s −1+2α , indicative of a non-Fermi liquid behavior.
Let us briefly summarize some generic features of a gravitationally dressed free fermion theory, which defines our proposal more precisely. A nice presentation of the relevant formalism is given in [18, 19, 20] which we follow. The central results for the gravitational dressing of 1 + 1 theories were originally obtained in [17] .
Using the main idea of our proposal which stipulates the dynamical role of the transverse momenta in the canonical treatment of Fermi Liquid theory and following [19, 20] , the gravitationally dressed Fermi liquid theory (GFL) is described by the following Lagrangian (in momentum space)
where, apart from the gamma matrix γ a , we have used the appropriate "bein" e a µ [19, 20] (µ being the general space-time index), its inverse e µ a and its determinant e. This is necessary for describing the coupling between effective gravity (g) of the Fermi surface and the fermion ψ field. Note that the effective wave function renormalization Z E (g) (which is central in Fermi liquid theory because it defines the residue of the single particle pole [9, 10] ) depends on the effective gravity (g) and defines the anomalous dimension of the effective mass term (E − E F )ψψ [19] :
The crucial point is that, as shown in the classic paper [17] , the anomalous dimension of a given operator in D = 2 Euclidean space-time (in our particular case, a given fermionic operator in Fermi liquid theory) with the canonical scaling dimension ∆, becomes a gravitationally dressed scaling dimension ∆ g determined by the famous KPZ formula [17] :
Here β is governed by the total central charge c of the matter theory (in our case, Fermi liquid theory) coupled to gravity [17, 18, 19, 20] :
These classic expressions can be extrapolated using the ǫ-expansion to D = 2 + ǫ Euclidean space-time dimensions [19] , which is more appropriate in general. The fermionic two-point correlation functions become dressed so that instead of a single particle pole (corresponding to a quasiparticle excitation) we get [20] a power law scaling characteristic of a non-Fermi liquid behavior (corresponding to a quasiunparticle excitation):
Thus gravitationally dressed Fermi liquids emulate the behavior of Luttinger liquids even though the physics underlying the gravitationally dressed Fermi liquids is not constrained by the kinematics as is the case with Luttinger liquids. Note that given our general construction, we should not expect the spin-charge separation, in contradistinction with Luttinger liquids. Also, the gravitation dressing leads to logarithmic conformal field theory properties of the four-point function [20] , which is also not the case with Luttinger liquids. Thus gravitationally dressed Fermi liquids are similar, yet distinguishable from Luttinger liquids. We note that the generic reasoning associated with the gravitational dressing of the renormalization group [17, 18, 19, 20] leads us to two universality classes: a weakly dressed Fermi liquid, in which the gravitational dressing is irrelevant close to the Fermi surface, and a strongly dressed Fermi liquid, in which the gravitational dressing is marginally relevant close to the Fermi surface. The weakly dressed case would be in the universality class of canonical Fermi liquids, and the strongly dressed case would correspond to a non-Fermi liquid, namely a natural higher dimensional generalization of the Luttinger liquid, with specific properties.
Naturally, the anomalous dimensions of Fermi propagators have been considered previously, in the Marginal Fermi liquid theory, through couplings with an effective induced gauge field, in the context of quantum critical fixed points, and other proposals regarding the normal state of high T c materials [1, 8, 11, 21] . Our proposal is not unique in placing emphasis on the anomalous fermionic propagators. Also, the phenomenology implied by anomalous fermionic propagators, including non-Fermi liquid behavior, such as a resisitivity linear in temperature T [21] , is inherent to our proposal as well. However, the proposal that the anomalous nature of the fermionic two-point function follows from the concept of a gravitationally dressed Fermi liquid, which is natural from the point of view of the renormalization group approach to a fluctuating Fermi surface, has been, to our knowledge, first stated in [4] .
Conclusions
In this note we elaborated on the new concept of gravitationally dressed Fermi liquids. We distinguished between weakly gravitationally dressed Fermi liquids which fall in the class of the canonical Fermi liquid theory, and strongly gravitationally dressed Fermi liquids which represent the high dimensional generalization of Luttinger liquids, with specific features.
In the case of an ordinary Fermi liquid, a one loop calculation of the beta function does ensure the asymptotic freedom provided the interaction is perturbatively attractive, as is the case for phonon-electron interaction, which leads to the strong coupling regime (with bound states forming) in the infrared [9] . The resulting wave-function describing the superconducting state is of a BCS kind [22] 
where A and B are the usual variational parameters and a * denote the creation operators of the electron quasiparticle from the Fermi liquid ground state Ψ F L . The mean field theory capturing the broken symmetry phase is given by the Landau-Ginsburg Lagrangian [22] 
where the complex order parameter is denoted by H and V (|H| 2 ) is an effective potential (for example, of a quartic type).
Given the experimental evidence regarding the complexity of the Fermi surface of Cu-O or Fe-As compounds [1, 8] , it is natural to propose that the normal ("strange metal") state of high T c superconductors is described by a gravitationally dressed Fermi-liquid theory. The gravitationally dressed one-loop beta function would be multiplicatively deformed [18] . Accordingly, the BCS wave-function would be also gravitationally dressed. The gravitationally dressed BCS wave-function is of the same form, except that the creation operators in this case create quasiunparticles from the non-Fermi liquid ground state. Note that this discussion is couched in terms of an effective field theory and therefore does not carry information about the underlying microscopic mechanism. Thus, the specific nature of the pairing mechanism of the relevant quasiunparticles and the microscopic relationship of the pairing mechanism with the effective gravitational description is outside the scope of the present approach. Still, our approach implies that the usual effective Landau-Ginsburg theory describing the physics of the quasiunparticle condensate is also gravitationally dressed:
Once again, the weakly dressed Landau-Ginsburg theory corresponds to the usual superconductors, and the strongly dressed Landau-Ginsburg Lagrangian applies to high T c superconductivity. As pointed out in our previous paper [4] such a gravitationally dressed Landau-Ginsburg theory quite naturally leads to a simple geometric mechanism for the high T c of high temperature superconductors.
